








Figure 510 - U2 — {1’273} and Figure 5.16 - U2 = {1,2} and U3 = {1}

Us ={2,3}

@ Figure 5.17 - Uy = {1,2} and Uz = {2}

Figure 5.11 - Uy = {2,3,4} and Us = {2}

Figure 5.18 - Uy = {2,3} and U; = {2}

Figure 5.12 - Uy = {2,3,4} and Us = {3}

Figure 5.19 - Uy = {2,3} and Us = {3}

Figure 5.13 - Uy = {2,3,4} and Us = {4}
Figure 5.20 - Uy = {3,4} and Uz = {3}

Figure 5.14 - Uy = {2,3,4} and

Figure 5.21 - Uy = {3,4} and U3 = {4
b o0y g = 3,4} and Us = {4)

Figure 5.15 - Uy = {2,3,4} and
Us = {374}
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Example 5.1 shows that NT(4,3) NT(n,3) in Figure 5.22.

is 16. We give some of the values of

n | NT(n,3)
314

4116
5|41

6 | 85

Figure 5.22 - Number of Locally Convexr Topologies Consisting of Three

Nested Open Sets

The technique, used to find NT'(n,3), can be used to calculate NT'(n,k + 1)
recursively from the values of NT'(j, k) for j from k to n — 1. Recall that U; = X.
Also, since Uy D Uz D ... D Upy1 # 0, we know that U, must contain at least
k elements. Also, since Uy C X, U, cannot contain more than n — 1 elements.
Supposing | Us |= j, then there are n — j + 1 ways to choose Us as a convex set from
X. Having chosen the elements for Us, we now have NT'(j, k) ways to complete the
nested topology {Us, Us, ..., Uxy1} on the j-point totally ordered set Us.

Thus, we have that,

n—1

NT(n,k+1) = (n—j+1)NT(j k). (6)

J=k

Using the substition of m =n — j 4+ 1, we have,

NT(n,k+1):nZ (m)NT(n —m+ 1, k). (7)

m=2
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Some values of NT'(n, k) are shown in Figure 5.23.

n |k=1k=2|k=3k=4|k=5|k=6 |k=7 |k=8|k=9|k=10
1 |1

2 |1 2

3 |1 D 4

4 |1 9 16 3

o |1 14 41 44 16

6 |1 20 85 146 112 32

7 |1 27 155 377 456 272 64

8 |1 35 259 833 1,408 | 1,312 | 640 128

9 |1 44 406 1,652 | 3,649 | 4,712 | 3,568 | 1,472 | 256

10 |1 o4 606 3,024 | 8,361 | 14,002 | 14,608 | 9,312 | 3,321 | 512

Figure 5.23 - Number of Locally Convex Topologies Consisting of k

Nested Open Sets

This table is also used in a work by Hwang and Mallows [4].

The last values in each row of the table illustrated in Figure 5.23 appear to be
powers of 2. The proposition below confirms that this pattern continues.

Proposition 5.1: NT(n,n) =2""! for any n € N

Proof:

We have that NT'(1,1) = 1. Suppose that NT'(k, k) = 2¥~1. We need to show that
NT(k+1,k+1) =211 = 2% From Equation 7,

NT(k+1,k+1)=2NT(k,k)
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— 2(2k1)

— 91+(k-1)

= 2k,

Therefore, we have that NT'(n,n) = 2"~! for every natural number n.
QED
We can now use NT'(n, k) to calculate the number 7,,;(n) of nested locally convex
topologies on a totally ordered n-element set X.

We have that
Toi(n) = NT(n,1) + NT(n,2) + ... + NT(n,n) = ¥ _ NT(n, j). (8)
j=1

These values for n = 1 to 10 are shown below in Figure 5.24.

Toe(n)

1

3

10
34

116
396

1,352
4,616

15,760

—
S

93, 808
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Figure 5.24 - Number of Nested Locally Convex Topologies on a Totally
Ordered Set of n Points

These numbers are sequence A007052 in the On-line Integer Encyclopedia of In-
teger Sequences [7]. These values are simply the sum of the rows of Figure 5.23. The
paper by Hwang and Mallows [3] does not seem to sum the rows in the figure though.
However, the paper discusses the number of order consecutive partitions, which they
defined as follows: suppose we have an ordered list of subsets Si, S, ...,S,, of an
n-point set X. If {51, 59, ...,.S,,} is a partition of X and if each of the sets:

S
S1U Se
SiU---U Sk

S1U--USm
is a consecutive set of intergers (i.e. is convex), then S;, Ss, ..., S, is an order
consecutive partion of X. Now it is easy to see that {S7,.5; U Sy, S1U...U Sk, ..., S1 U
...US,,} is a nested convex topology on X.

Likewise, we have that a nested convex topology 7 = {Uy, Us, ..., U} on an n-point
set X gives an order consecutive partition of X. Assume that Uy C Uy C ... C U, = X.
Now, the order consectuive partition will be defined as
S, =U;
Sy = U\ Uy
Sy = U; \ (U |JUs) = Us \ Uy since Uy is nested in Uy

Sk = U, \ Ui_1.
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To summarize, we have the following results for NT'(n, k), the number of locally
convex topology on a totally ordered n-point set consisting of k nested nonempty

open sets:

NT(n,1)=1
NT(n,2) =Tri, — 1

S
—

NT(n,3) =S (k)(Trin_js1 — 1)
n—k+1
NT(n,k+1)= Y (m)NT(n—m+1,k)

NT(n,n) =2""1
and the number T,,;,(n) of nested locally convex topologies on a totally ordered n-point

set 1s

Tou(n) = Z NT(n, 7).
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