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In control theory, the time it takes to receive a signal after it is sent is referred
to as the observation time. For certain types of materials, the observation time
to receive a wave signal differs depending on a variety of factors, such as material
density, flexibility, speed of the wave propagation, etc. Suppose we have a strongly
coupled system of two wave equations describing the longitudinal vibrations on a
piezoelectric beam of length L. These two wave equations have non-identical wave

propagation speeds c; and cs. First, we prove the exact observability inequality with

2L
min (c1,c2)

the optimal observation time satisfying 7' > T} = by adopting two different
techniques: the multipliers method (non-spectral) and mon-harmonic Fourier series
(spectral). Next, we discretize the spacial variable for the system via central Finite
Differences. We find that for this particular discretization, the minimal observability
time approaches infinity as the discretization parameter h goes to zero, and therefore,
the discretized equations lack uniform observability unlike the original equations. This
is simply due to the blind use of Finite Differences which generates spurious high-
frequency vibrational modes. To resolve this issue, a filtering technique, known as
the direct Fourier filtering, is adopted, and an observability inequality is proved with
a (sub-optimal) observation time 7" > T} > T, as the discretization parameter tends

to zero. These results show that filtered finite differences can be safely applied to the

system of piezoelectric beam equations in designing stabilizing controllers.
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1 Introduction

Piezoelectric materials are multi-functional smart materials (most notably Lead Zir-
conate Titanate) used to develop electric displacement that is directly proportional
to an applied mechanical stress [4, 25|, see Fig. 1. This allows these materials to be
used as sensors and actuators. Due to their small size and high power density, they
have become more and more promising in industrial applications such as implantable
biomedical devices [3, 4, 24], wearable human-machine interface for PVDF sensors [8],
nano-positioners and micro-sensing [6, 7, 10|, ultrasound imagers, and cleaners [26]
due to the excellent advantages of the fast response time, large mechanical force, and
extremely fine resolution [10]. Controlling unwanted vibrations on the host structures
(or harvesting energy from ambient vibrations) via piezoelectric layers have been the
major focus in cutting-edge engineering applications such as ultrasonic welders [26],
micro-sensors [6, 7, 10], inchworm robots, and wearable human-machine interfaces
such as PVDF sensors adhered onto the surface of skin or cardiac pacemakers under
the skin of the chest [8].

These industrial applications for piezoelectric materials can make use of sensors
to observe wave profiles corresponding to vibrations on a host structure, and thereby
allow piezoelectric materials to actively control the vibration profile of the host struc-
ture. Since physical sensors can only take finite-dimensional measurements of dis-
placement, velocity, or acceleration of the traveling waves at a point, it is required
to work with a finite dimensional discretization of the partial differential equation
system. The main challenge is not only to have the discretized model converge to the
original problem for accurately representing the physical nature of the dynamics but
also to mimic the control-theoretic properties, such as observability or stabilization,
of the original problem.

For many applications of piezoelectricity, electrostatic (or quasi-static) approxi-
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Figure 1: (a) A piezoelectric beam is an elastic beam with electrodes at their top and bottom
surfaces, and connected to an external electric circuit. As voltage is applied to its electrodes, it
actively (b) stretches or (c) shrinks in the longitudinal directions, therefore, causing charges to
separate and line up in the vertical direction. Magnetic (and thermal) effects (stored/produced)
have direct contribution to the electric field across the electrodes and longitudinal vibrations [9].
mations due to Maxwell’s equations are sufficient to describe low-frequency vibrations
[3, 4, 25]. Magnetic effects associated with a piezoelectric beam are traditionally
omitted due to the fact that they have a minimal impact on the overall dynamics
of the system, yet maximal impact in the observability /controllability of the system
[16]. However, for certain piezoelectric devices, these effects can also be major. For
example, for piezoelectric acoustic wave devices, there are situations in which full
electromagnetic coupling needs to be considered [5, 28, 30]. As a side note, as elec-
tromagnetic waves are involved, the complete set of Maxwell equations needs to be
used, coupled to the mechanical equations of motion [31].

Denoting v and p by longitudinal displacement of the centerline of the beam and

total electrical displacements, a one-dimensional, strongly coupled partial differential

equation model describing the longitudinal vibration profile of a piezoelectric beam



of length L with the addition of magnetic effects is given in [16] as the following

PVt — Qg + Y BPuz = 0,

i — BPaw + VBV = 0, (z,t) € (0, L) x RY,

v(0,t) = p(0,t) =0,

avg(L,t) —vBp.(L,t) =0, (1.1)
Pa(L,t) = y0a(L, 1)
v(z,0) = vo(x), v(x,0) =vi(x), € (0,L),

p(z,0) = po(z), pi(x,0) =pi(x), x€(0,L),

0, teRT,

where p, a, v, i, 5 denote the mass density per unit volume, elastic stiffness, piezo-
electric coefficient, magnetic permeability, impermittivity coefficient of the beam,
respectively. Note that the wave speeds \/% and \/g are non-identical due to the
physics.

The electrostatic/quasi-static piezoelectric beam model obtained by taking the
magnetic permeability constant zero, i.e. © =0 in (1.1), is a single wave equation as

the following

P — Q1 Uz = 0, (z,t) € (0,L) x R,
v(0,t) = ayv,(L, t) =0, t € R, (1.2)
v(z,0) = vo(x), v(z,0) =v(x), x€(0,L),

where a; = o — 7?B3. It is known that electromagnetic effects for most piezoelectric
beams are minor in comparison to the mechanical effects [25]. However, they have a
dramatic effect on the observability of these materials [16] especially if there is only
an electrical sensor at the boundary measuring p,(L,t) in (1.1), which is the total
current accumulated at the electrodes of the beam. Then, the system is not uniformly
observable and not exponentially stabilizable for high-frequency vibrational solutions

[16]-[20]. Therefore, unlike the quasi-static or electrostatic models, where only one



observer v(L,t) in (1.2) is enough, two observers, i.e. p;(L,t) and v,(L,t) in (1.1), is
a must for exact observability and exponential stabilizability, which are dual concepts
of each other in control theory.

It is essential to note that partial differential equations are infinite dimensional
systems because they have infinitely many eigenvalues, so exact observability of vibra-
tions is an infinite-dimensional problem. For example, letting z = [v, v;]T the system

(1.2) is written in the first order form z, = Az where

0 1
A:

wp? g
P x

The eigenvalues of A can be easily computed and they are all on the imaginary axis:

~ . Ql(Zk—l)W
e =+t | ——7——, k=12,... . 1.
k 1 p 27, ) ) 4y , 00 ( 3)

For these eigenvalues, the gap between two consecutive eigenvalues, |5\k+1 —5\k| is
uniform and is simply 7. This is a desired property to prove uniform observability of
(1.2). In particular, for T > T,,;, one would like to prove the so-called observability

inequality as the following:

[tz = e | [ (0. + o) o (1.4)

where T, is called the minimal observation time needed to recover initial conditions
(vo(x),v1(x)) with a single measurement v;(L, t), tip velocity.

In practice, sensors (or observers) work through algorithms on the chip, and
therefore they are doing calculations in finite dimensions (i.e. the computer world).
Also, sensors only observe a finite number of vibrational modes. For that reason, sen-

sor design for the observed quantity v;(L,¢) in (1.4) has to be done for a numerical

4



approximation of the system. Numerical approximation methods discretize either one
or both variables of the wave equation (time and space). While discretizations have
been done for both variables, or just the temporal variable over a string of length L,
this project will be focusing solely on the semi-discretization of the space variable.
However, the blindly approximated models do not hold for the well-known numerical
approximations of the partial differential equation system, such as Finite Difference
Method, Finite Element Method, or Finite Volumes Method [11, 22, 29]. The ma-
jor issue in showing the observability of the discretized system is losing the uniform
gap between two consecutive eigenvalues that exists for the infinite dimensional sys-
tem, see Fig. 2. The existence of the uniform gap allows us to rely on vibrational
observations measured by the sensors. When this gap is not present due to numeri-
cal approximation, the sensor cannot distinguish one vibrational mode from another.
When this happens, the system is not observable.

To the best of our knowledge, this discrepancy was first shown in [1] for a
boundary-controlled wave equation, and this was later diagnosed first for a wave
equation with Dirichlet boundary conditions [11].

For example, as Finite Difference space-discretized approximations for (1.2) is

1

~r1 > U, one can show that the eigen-

utilized for the discertization parameter h =

values of the finite-dimensional model is precisely given as the following [27]

N 2 [oq . ((2k—1)wh
=+i—,/— — =1,2,...,N. 1.
Ak Zh”pSln( 2= h) ), k=1,2,..., (1.5)

The comparison between (1.3) and (1.5) shows that not only the discrete eigen-
values diverge away from the continuous counterparts for high-frequency eigenvalues,
but also the gap between two consecutive eigenvalues |5\k+1 — 5\k| approaches zero
as h approaches zero which is not the case for the continuous eigenvalues. This is
particularly not desired in control theory, since eigenvalues get extremely close to

each other, and the observer may not be able distinguish one vibrational mode from



another one.
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Figure 2: (a) For a; = p = 1 in (1.2), continuous and discrete eigenvalues (I M),
[Akls-s[An]) for N = 20,40,60,80,100. (b) The gap between two consecutive eigen-
values [A\g11 — Al > 0as N — oo or h — 0.

In fact, when describing non-observability, we look at the eigenvalues that corre-
spond to our system, and the consequential gap between two consecutive values. For
piezoelectric beam equations (1.1), there are two different branches of eigenvalues.
There exists a uniform gap between any two consecutive eigenvalues for the eigenval-
ues on each branch, but when the spacial variable is discretized, we lose this uniform
gap property as the gap becomes infinitesimally small as our discretization parameter
h — 0. This corresponds to two wave signals of our system that are indistinguishable
from one another, which affects our ability to control the system.

In this project, we utilize the space-discretized Finite-Differences method for the
piezoelectric beam equations (1.1). The first goal of this paper is to prove a lack of
uniform observability for the discretized piezoelectric beam model by way of discrete
multipliers. To avoid the issue demonstrated in Fig. 2, there are several methods
proposed to remedy this issue, i.e. direct [2] and indirect filtering [29]. As stated be-
fore, this paper will focus on the direct Fourier filtering method to make our system
exactly observable. Our second goal is to prove exact observability of the filtered solu-
tions by directly filtering high-frequency solutions out of the system, i.e. only using a

specified amount of the eigenvalues for a Fourier series, so that the eigenvalues of our



discrete model closely resemble those of the continuous model. Exact observability is
described here for two boundary measurements (tip beam velocity and total current
accumulated at the electrodes of the beam) so that in a finite amount time, one can
distinguish one solution from the other one. Proving exact observability corresponds
to finding a finite value C'(T) for the observability inequality, as in (1.4) in the discrete
setting.

To carefully demonstrate the exact observability for (1.1) and the direct Fourier
filtering process for the semi-discretization of (1.1) as described above, we start with
a toy problem; a one-dimensional wave equation with a unit wave propagation speed,
i.e. p=a =1in (1.2). In Section 2, we prove the exact observability inequality of
(1.4) by the so-called multipliers method (non-spectral) and the non-harmonic Fourier
series (spectral), and find the optimal observation time. All of these results are known
in the literature (see [12, 13]) and we only reproduce these results for completeness. In
Section 3, we semi-discretize the wave equation by Finite Differences and prove that
the discretized observability inequality does not hold as the discretization parameter
approaches zero. As a remedy, we apply the Fourier direct filtering technique to filter
high-frequency eigenvalues. After proving several technical lemmas, we prove the
observability inequality. Note that all results found in section 3 are replications of
results found in [2, 11]. However, we provide all the proofs with details to prepare the
reader for the rest of the thesis. In Section 4, for the novel piezoelectric beam model,
we prove the exact observability inequality by the multipliers method (non-spectral)
and the non-harmonic Fourier series (spectral), and find the “optimal” observation
time, unlike a sub-obtimal time provided in [23]. In Section 5, we semi-discretize
the piezoelectric beam equation by Finite Differences and prove that the discretized
observability inequality with two observations does not hold as the discretization
parameter approaches zero. We apply the Fourier direct filtering technique as in

Section 3 to filter high-frequency eigenavalues, and prove the observability inequality



with a sub-optimal time. The main challenge here is the non-identical wave speeds,
and the non-compact coupling in (1.1).
Note that the entire novel contribution in this project lies in sections 4 and 5.

The outcome is already submitted for publication [21].



2 One-dimensional Wave Equation

We will see in this section that for the single wave equation model, we generate an
observability inequality with an optimal observation time, which can be proved via
multipliers method [12] or by applying the so-called Ingham’s Theorem [13]. These
two techniques are widely used in many applications of control problems of partial
differential equations. All of the results in this section have already been known in
the literature (see [12, 13]), however we aim to lay the groundwork via this simplified
model before the discussion of the system of coupled wave equation-model for the
piezoelectric beam model in Section 4. The ideas being used in the proofs will be

mimicked in Section 4 throughout several of the theorems.

2.1 Energy Solutions and Conservation of Energy

We first begin with a simple one-dimensional wave equation with clamped-free bound-

ary conditions, modeling a string clamped on the left end, and free on the right end:

Uy — Uy =0, O<ax <L, t>0
w(0,8) = 0,uy(L,t) =0, ¢>0 (2.1)

u(z,0) =up(x), w(r,0)=wu(r), 0<z<L

where u(z,t) describes the vibration profile on the string. Define the Hilbert spaces
H =H}(0,L) x L*(0, L),

LX(0,L) = {f(x) : fy" |f(x)]dx < oo},

HY(0,L) = {f(x) : £, f' € L3(0, L), £(0) = 0} .

From [11] we know system (2.1) is well-posed in the energy space H} (0, L) x L*(0, L),
i.e. for any (ug,u;) € Hi(0, L) x L*(0, L) there exists a unique solution

uw e C([0,T); H(0, L)) N C*([0,T]; L?*(0, L)). The energy of these solutions is given



1 L 1 L
E(t):2/0 |u1,(93,t)|2d93—|—2/0 lug(z, t)2dz, t € R*, (2.2)

Potential Energy Kinetic Energy
An important property of this energy is that it is conserved along the trajectories of
solutions, i.e. E(t) = E(0) or £E(t) = 0. We pose this as in the following theorem.

Theorem 2.1 (Section 1.3, [12]). For any t € RY, we have that LE(t) = 0.

Proof. First, multiply (2.1) by the multiplier u; and integrate over [0, L] to get

L
/0 (utt c U — Ugy Ut)dt =0. (23)

Note that wy - uy = %%|ut|2 and performing integration by parts on the second term,

we get

L

1 /Ld, L
5/0 %|ut| dx — u,uy i +/0 UgpUzedr = 0. (2.4)
L
Now, since uyt,; = %%|um|2 and u,u;| = 0 via boundary conditions,
0
d |1 (L
o [2/0 (|ut|2 + |ux|2) dm] =0, (2.5)
thus showing that energy is conserved for all t € RT. O]

In control theory, it is common to put PDEs in the state-space formulation, and
therefore the first order form, as this allows more immediate calculations of eigenvalues

and the subsequent Fourier Series. Let

We can now re-formulate (2.1) as

10



z = z (2.7)

where D} = g—: is the second-order differential operator and DY = I. Now the

corresponding eigenvalue problem for (2.7) is

0 I (751 ~ Uy
=i . (2.8)
D% 0| |ug Us
(2.8) is equivalent to
Uy = 5\@61
UL, zx = 5\“2 = 5\2U1 (29)

The following lemma describes the auxiliary eigenvalue problem for the operator

—D?

x?

is necessary for finding solutions of (2.8) in the theorem after. The proofs of
these results can be seen in [27].

Lemma 2.1. The solutions to the eigenvalue problem

$(0) =1, (L) =0

(2.10)

are given by

2
Wi = \/)\7;9, A = (W) , U = sin (wgx) .

Since A2 = — ) from (2.9) and (2.1), the following result is immediate.

Theorem 2.2 (Lemma 5, [27]). The eigenvalues and eigenvectors of (2.8) are given

11



- ] U,k wk
)\k: = j:zwk, Z — =

Usg i Akt

We are now in position to write a Fourier series for (2.7):

U Z [akeiwkt + bkefiwkt] 77ij
Uy 3wy [are™st — bre R Xpafy
k=1

where ag, b, € R and can be computed explicitly in terms of the initial conditions

(uo (), ua ().

2.2  Proof of Uniform Observability Using Multiplier Method

The main observability inequality we seek for in this section is

E(0) < C(T) /OT lue(L,1)|? dt (2.12)

where F(0) is the non-negative energy corresponding to the initial conditions. A phys-
ical interpretation for this inequality is that as there is no observation, i.e. u;(L,t) = 0,
then the observer does not observe anything, meaning there is no vibration on the
string, i.e. F(0) = 0. For the exactly observable case, we will see that when T > 2L,
the total energy, and therefore the initial state of the string, can be estimated by the
boundary observation at one end. For the case of (2.1), this boundary observation is
the tip velocity, uy(L,t). Here, T = 2L is optimal [11].

Theorem 2.3 (Section 3.4, [12]). For any T > 2L and uy,u; € H, there exists a

constant C(T) > 0 such that (2.12) holds for every solution of (2.1) uniformly.

Proof. First we multiply (2.1) by zu, and integrate over [0, 7] x [0, L]:

T (L
/0 /0 (U — Uy )TU, dzdt = 0. (2.13)

12



Let X; = fo fo uyru, drdt. Now integrate X; by parts with respect to t to obtain

T

L T L
X, = / TULUy| dx — / / LUty dxdt. (2.14)
0 0 o Jo

Note that zuu; = %%]utp, and applying integration by parts again with respect to

T we get

Ty d T L T L
/ / —|u*drdt = / Twel?| dt —/ / ~fwg|? dxdt, (2.15)
B 0o Jo 2
and therefore,
L T T L1 T ],
X :/ LU Uy da:—i—/ / f|ut|2dxdt—/ Z|ug(L, t)|? dt. (2.16)
0 0 o Jo 2 0o 2
Now let X, = — fOT fOL TUzUy, and note that ruzt,, = g%\u:ﬂ]? Integrate by parts

with respect to x to obtain

T
Xzz—/ r
0

and by the boundary conditions %|u,|*

L T L1
2 dt+/ / —|uy|? dadt, (2.17)
0 o Jo 2

L
= 0. We can see that X; + X5 = 0, and

0
keeping in mind conservation of energy,%2 = 0, combine (2.16) and (2.17) to get

X+ X, =
T

dz + [) [y $lw|? dedt — [ E|ue(L,t)[*dt
0

+fo Jy ue|? dadt

f() LUy Uy

= 0.

13



Combining the energy terms,

L T
/ TULUy
0

0

T L (T
dm+/ E(0)dt = 5/ (L, 0)[? dt.
0 0

Since energy is constant,

L
/ TULUt
0

By Young’s inequality, we can see that

T

L T
dr + TE(0) = 5/ lus(L,1)|? dt.
0

0

T

dx
0

T

fOL TUp Uy < fOL |zugu||  de

0
T

dx
0

< 5 Jo (lusl® + Juel?)

< f0L$|Ua:Ut|

T

dz
0

= |LE(T) — LE(0)|
< |LE(T)| + |LE(0)]
= 2LE(0).

Applying (2.20) to (2.18) we get

L /T 9
TE0)—2LE(0) < —/ lug (L, t)|* dt,
2 Jo

and therefore

E(0) < 2(TL_2L)/0T lu, (L, t))? dt.

Note that T > 2L to make the observability constant 55— positive.

2(T—2L)

14

(2.18)

(2.19)

(2.20)

(2.21)



2.3 Proof of Uniform Observability Using Ingham’s Theorem

In this section, we will now focus on proving Theorem 8 via Ingham’s Theorem. The
motivation is to find an optimal observation time without the use of multipliers. Note
that when applying the multiplier method to the continuous single wave equation, we
already generated an optimal control time, but we show that for the coupled wave
equation model, the multiplier method results in a sub-optimal observation time, and

so Ingham’s Theorem will be more beneficial.

We first begin this section with a fact from functional analysis that in the L?(0, L)

space, both {sin(wx)}r>1 and {cos(wkx)}r>1 form an orthogonal basis for some se-

quence wy ([14], pg. 154). In our case, we have that wy = VA; = %sin <(22(’€2le—)2;1>

The following lemma shows how the energy of solutions can be written in terms of
our Fourier coefficients in (2.11).
Lemma 2.2 (Section 3.4, [13]). For ay and by, the Fourier coefficients in (2.11),

E(t) can be written as

1 x
E(t) =5 > willar]? + [ox]?).
k=1
Proof. By (2.11),
U$(1’7 t) = Z(akeiwkt + bke_iwktﬁﬂk’x,
k=1
w(z, t) = Z iwp (ape™* — bre ey,
k=1

where ¥y, = wycos(wgz). It is known that {sin(wkx)}r>1 is an orthogonal basis

in L?(0,L) [14]. Since {sin(wpx)}r>1 satisfies the left-end boundary condition as
sin(wgx)

well, zy = | forms a basis in H}(0,L) x L?(0,L). We use this prop-
A sin(wgx)

erty to find the following equations where terms with [ sin(w,,2) sin(w,z)dz and

15



& cos(wm) cos(wpx)dr are eliminated for m # n since

L ) S 2

/ |u(x,0)| dz :/ > wi(ak + by) cos(wyz)| dax
0 0 i

0 L
=Y wilay + bk|2/ cos? (W) dz
k=1 0

1
2

Z ag + bil?, (2.22)

N)\»—t

and

2

Z iwg(ag — by) sin(wx)| dx

L 9 L
| w0 de = [
0 0 |p=1

L
— Zw,ﬂak - bk|2/ sin?(wyx) da
k=1 0

1
2

1 [e.9]
72 wilar — bil?. (2.23)

[\D

Now we use (2.22) and (2.23) to find E(0):

1 /L 1 /L
E(0) = 5/ [tz (2, 0) | de‘—l—f/ |u(,0)|* da

1 [ee]
_ZZ ]ak+bk| + - Zwk\ak—ka
k=1 k 1
1 [ee]
=1 > willar + bil* + ax — bil?)
k=1
1 [ee]
= §Zwi(|ak|2+|bk|2)- O

e
Il
MR

Since we know that 3 wi(ar)?*+]bk])?) = 2E(0), and energy is finite, then 5 wi(ax*+
k=1 k=1
|br|?) < oo.

Now we give a formal statement of Ingham’s Theorem, as in [12].

16



Theorem 2.4 (Ingham’s Theorem, Section 4.3, [13]). Let {wi }rex be a family of real

numbers, satisfying the uniform gap condition
T = Igigwk — wp| > 0. (2.24)

If I is a bounded interval of length |I| > 2w /T, then there exists constants ci,co > 0

such that

a Y |2 < /l ()2t < e 3 |2 (2.25)

keK keK

for all functions given by the sum

o(t) = > wpe™H (2.26)

keK

with square-summable complex coefficients xy, i.e. kZK |zx* < o0.

Now we provide a newer version of Theorem 2.3 usirelg Ingham’s Theorem, where we
look at the boundary observation and how we can bound it below by the energy.
Theorem 2.5 (Section 4.5, [13]). ForT > 2L there exists positive constants ¢y, co > 0

such that for all initial conditions (u°, u') € H we have
T
e E(0) < / luy(L, ) |2dt < ey E(0).
0

Proof. First, we show the uniform gap condition, as in Ingham’s Theorem, is satisfied.

2k—1)m  (2n—1)m

2L 2L

(k—n)m
L

= inf

m

Tl el =1

17



Let w_p = —wg and a_y, = by for k =1,2,..., Z \ {0} = Z*. Hence we have

t) =" iwy(are™*" — bre ™*) sin(w; L)

= Z iwpare™* " sin(wy L),
kEL*

(2k—1)7

and keeping in mind that wy, = =5

, we can rewrite sin(wyL):

Ut(L,t) = Z iwkakeiw’ft(—l)%ﬂ.
kezZ*

By our reference again to having finite energy in Theorem 2.1, we know coefficients

are square summable as

> liwgar(—1)*H P = Zwk (lak)® = [bel*) <> willag|* + |be|*) < o0

kezZ* k=1

E(t)

Hence, by Ingham’s inequality, for T > 27” = 2L, there exists real constants cy,co > 0

such that

e S w(Jail? + bef?) g/mLmﬁ<@ZWmﬁ+m)
k=1 k=1

and so
C\E </|mequg() (2.27)

where C; = 2¢;, and Cy = 2¢,. O

By bounding the observation from below only in (2.27), and taking C(T) = &
n (2.12), we generate an equal inequality which proves Theorem 2.3, with notably

optimal time 7' = 2L.

18



This proof ultimately ends the discussion for the continuous case of the wave
equation as we have an optimal, uniform observation time. However, we desire a more
physically applicable space-discretized model that has the same uniform observability
property after applying a filtering technique, as already seen in [2], as the continuous

wave equation.
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3 Finite Difference Space-Discretized Wave Equa-
tion

There are several numerical methods that serve to discretize the spacial component
of our wave equation such as the finite element method, Galerkin’s method, finite
difference method, etc. for both Dirichlet and mixed boundary conditions (see [2],
[11], and the references therein). We aim to look specifically at discretizing the
spacial variable of the one-dimensional wave eqution by central Finite Differences.
The advantage to this method in particular is that it is not very computationally
expensive, and results for observability are fairly immediate, allowing us to draw
meaningful insights about the system.

In this section, the goal is to show that the discretized wave equation loses the
positive exact observability result with a boundary observation. Similar to section 2,
all of the results in this section have already been proved by others (see [2] for clamped-
free boundary conditions, [11] for fully clamped boundary conditions). However, the
precise details in [2] are laid out for each proof so that we can mimic the ideas for
the coupled wave equations for the clamped-free piezoelectric beam model in Section
5. Below, we introduce the semi-discretized version of (2.1) where we discretize only

the spacial variable using the aforementioned central Finite Difference Method.

3.1 Discrete Spectral Analysis and Development of Solutions

Let u(xj,t) =~ u;(t), where u(x;,t) is the approximation of u(x,t) at x = z;, so given

N e N, we set h = ﬁ to discretize the interval [0, L] as follows:

ro=0<m=h<..<zy=Nh<zn, =L, (3.1)

20



where z; = jh,j = 0,..., N+1. We then use the central difference formula u,,(x;,t) ~

wj1 (8)+uy—1(8)—2u; (¢t

= ) and the backwards difference formula Uy (25,1) = 5= to pro-

duce the following finite-difference semi-discretization of (2.1):

W) = v O2aOtal g < < T j=1,... N
ug =0, unyy1 =uy, 0<t<T (3.2)

u;(0) = ud,u(0) =ul, j=1,...,N,

J Jo

where prime notation denotes derivation with respect to time ¢t. We can see that
system (3.2) is a system of N linear differential equations with N unknowns, namely
Uy, ...,uy, since by virtue of our boundary conditions,uy = 0 and uyy; = uy, i.e.

Uy (L, t) = 5= = (. The discrete energy of the solutions of (3.2) is given by

N
Bult) =4 2 [l +

Uj+1—Uj
h

2} . (3.3)

We see next that the discrete energy, Fj (1), is also conserved along time, analogous
to the conserved energy E(t) in Theorem 2.1.
Lemma 3.1 (Lemma 3.1, [2]). For any h > 0 and the solution u(t) = [uy, ..., uy]"
of (3.1), we have

En(t) = E,(0), YO<t<T. (3.4)

Proof. Take (3.3) and shift index from j = 0 to j = 1, then differentiate with respect

to t to produce

E(t =h N ! Ujp1—Uj “3+1—U3-
n(t) ]; wiulf + L L

o (252) (5]
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From (3.2) we know v/ = %, and keeping in mind the boundary conditions,

o / / / ulull
D luh(wjr = 2uy + wj1) + (wjn — ug) (), — uf)] + o
j=1

S

By (t) =

By rearranging the terms, we obtain

!/

1Y UL
! _ / / / / / / / 1%1
L (t) = 7 Z[Ujujﬂ — 205U+ WUy Ui Uy — U — UGGt ] h
i=1
1Y u
o / / 1
=7 Dl (ujy = ug) + o (win — )] + h
j=1
1 UL
/ ! / ! 1
= E[“Oul — UNUy 41 — WU+ UN Uy 4] + = 0. O

As was done for the continuous case, we put the discrete model in its state-space

formulation. Choose z(t) = [uy,us, ..., uy, U}, uly, ..., uy]T so that the discretized

model can be re-written in the first order form as

0 I
= z,
—Ap, 0
where Ay, is given by
2 -1 0 O 0
-1 2 -1 0 0
1 o -1 2 -1 0

(3.5)

NXN.

In order to analyze the issue of non-observability of the discrete model, it is necessary

to look at the eigenvalue problem corresponding to (3.2), and subsequent eigenvalues
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and eigenvectors of that system. Consider the eigenvalue problem

0 1 VAl VAl

=\ : (3.6)
—Ah 0 V) Z9

Similar to the continuous system, the eigenvalues and eigenvectors of (3.6) are related
to the eigenvalues and eigenvectors of the auxiliary problem where we only look at
the discretized second-derivative operator. This new problem is given by

App = A, (3.7)

vo =0,9N11 = N

Theorem 3.6 ([2, 27]). The eigenvalues and eigenvectors of (3.7) are given by

4 - (2k+1)7h o
Ak—ﬁ81n2(m)7 k—1,27...,N

(3.8)

Pk,; = sin (W), 7=12 ..

) N.

°

These eigenvalues and eigenvectors have been computed explicitly (see [27]). It is
known that the relationship between the eigenvalues and eigenvectors of (3.6) and
(3.7) are the same as in the continuous case. For simplicity, let o* = [pr1, ..., Prnl, k =
1,....N.

Theorem 3.7 (Theorem 3, [27]). The eigenvalues and eigenvectors of (3.6) are given

by
~ Z
M=t | =T (3.9)

Zo K Ap

Proof. (3.9) is equivalent to

Zy — 5\Z1
o (3.10)
—Ahzl = /\ZQ = )\2Z1,
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therefore 5\k = +iv/ . O

We can now write every solution u(t) = [uy, ..., un]’ of (3.2) as a Fourier series,
with wy = vV Ai:
N . .
u(t) = 3 ape™s + byem ] oF, (3.11)
k=1

for aj and b, € R,k =1... N, which can be computed via initial data u} and u;.

3.2 Lack of Uniform Observability with Respect to the Dis-

cretization Parameter

The reason we had uniform observability for the continuous wave equation lies in the

fact that the gap between two consecutive eigenvalues of (2.1) is Agr1 — VA, =

(2k+l)m  (2k—L)m _

ST 57—~ = 71, which is independent of £, implying uniform observability by

Ingham’s Theorem. However, when we look at the gap between two consecutive

eigenvalues of (3.6) we get

VN — VAL =2 [sin ((22(];3_)2?) — sin ((22(16221—)2?)]

=7 [Sin (% + 2(2325)) —sin (% + 2(27£}ih))} :

Now, using the sum to product trig identity

=7 {sin (zlzﬂ—hh) cos (2(23ﬁh)> + cos (szﬂ—hh) sin (Q(QSEEh))
h

- (sin ’“L’ih) cos (2(272}ih)) + cos (2’273) sin (2(272%)))}

' L—h) (COS (2(§ﬁh)) — cos (ﬁh—h)»
+cos (25 ) (sin (s@rsy) —sin (zmiem) )]

We note that since L = (N +1)h, then 2L —h > 0 since 2(N +1) > 1. It is known that
—1 <sin(z) < 1Vz € R, and by a quick application of the Mean Value Theorem, we

see also that sin(x) < x for every x > 0. Using this, we see
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IN

sin (5rtay) — sin (o )|

sin (garsy) | + sin (s
2mh

sin (5arsy) —sin (sprem)

IN

IN

This now gives

A = VAk < % (COS (2(23+ﬁh)) —C0o8 (2(2?%))) + zéih COS <2kLTTh> .

Recalling that z —y < |y — z| for every z,y € R we get

it = Vi < 3 Jeos () — cos (qttm) | + 5227 cos (25)

Using the triple angle identity cos 3z = 4 cos® x — 3 cos x, we see that cosx — cos 3z =

2

4cosxsin®z. Here, x = ) > 0. For all positive real x values, we generate an

(2L h

upper bound for cosx as x% + 1, and also recall that sinz < . Using this, we observe

an upper bound for 4 cos zsin® x as 4(2? + 1)x? = 42* + 422, This gives

S s 2 4mtht 472 h?
Akt = VAL < h ‘16(2L DE + 4(2L—h)2

wth3 2r2h
2(2L—h)* + 4(2L—h)? + 2L h

)

+ 575 hcos(
wh

i)

Looking at the remaining cosine term, we add and subtract 7 from the inside, so

COS (
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47 k:7rh s kmh—Lm+ ¢ hﬂ
2L—n CO8 (2L—h = (2 R 7 —
Lmr— kwh—h—"
2L—h

( (£ —k)hr—hx )
sin

= sin

2Lh
2Lh

2L—h

- ((N+1)—k)hm—2x
= 2L =, sin 2L—h :

Assoonas N+1—-k<j <= k>N+1—jforjeN,

v /N n2h : n2h : n2h?
)\kJrl - )\k < (2L—h)?2 (4J -2+ (2L h)2 + 2) (2 L )2 (4] + 2(2L—h)2) ) (312)

and so we can now bound the gap between the two largest eigenvalues as follows:

w2h m2h?
\/)\N_ )\N_1§(2L_h)2<8+2(2L_h)2> —0Qash — 0. (3.13)

The goal of this section is to analyze the discrete version of (2.12) given by

B(0) < T, m) [y (0) Pt (3.14)

and ultimately show that the constant C'(7,h) blows up as h — 0. It has already
been proven using the multiplier technique that for high frequency solutions wuy(t) of
(3.2) corresponding to eigenvalue Ay, as h — 0,C(T, h) — oo [2]. To understand the
development of the proof, we first turn to the following lemmas.

Lemma 3.2 (Lemma 2.1, [2]). For any eigenvector ¢ = [p1, ..., on|T with eigenvalue

A of system (3.7) the following identities hold:

i\f: 90J+1 SOJ

j=0

= )\Zgoj, (3.15)

7j=1
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N 2 2 2
Piv1 — pi|? _ A2 —h) ‘SON‘
h = — . 1
jz:; h i—2 | n (3.16)
Proof. Begin by multiplying (3.7) by ¢, to get
1N N
—73 2.(05m1 = 20+ 0i)e = A D¢
= =1

Distributing,

1 Y N
72 Z;(%H%‘ — 205 + @ 1p5) =AY 5.
‘]:

j=1
Keeping in mind the boundary conditions, we take into account that
N

D (pj+1905 + @i—195) = (201 + @o1) + (P32 + @102) + ... + (PN119N + ON_19N)
J=1

N 1 )

=23 90— 39N
=1

Now adding like-terms,
1 & N
2 2

5 2(20] = 2pm95) + 53 =AY ¢l (3.17)

Jj=1 Jj=1

Rewriting the 2%2. term as go? 1t @?, we absorb the boundary term and get

1 N N
2 (P = 2050105+ 9)) = A3 4],
J= J=

which is exactly (3.15). O
Proof. To prove (3.16) multiply (3.1) by —j(¢;+1 —¢;—1), which is the discrete version
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of zy,, to obtain

1 X
3 > (@41 — 205 + @j-1)(Pj41 — ©j-1) AZM Pit1 — Pj-1)-
j=1

7j=1

Rearranging the terms,

1 & . : 3
73 Zl[(J = )¢} = 2005105+ 20 + Vg — (G + Dj] = 25
]:

N
= =2 L1 — (G + Dejrie] — AN + 1)px.
J=1

Keeping in mind that (N + 1) = £, we get

I & 2 P - AL

= 2 207 + 20,195l — S5 = A @inei — T ¢n-

h = h = h
Now, combining like-terms,

AL 1) , 2, 2\ <
MY a2 (),
<h h2 YN thZI J h2 ]Zl J J

and using (3.17), we can deduce that

P Zsom% = ( ) Zsoj

(3.18)

(3.19)

N
Next, we normalize the eigenvector ¢ by the relation i gp? = 1, and substitute into

J=1

(3.18) and (3.19) to obtain

N h /2 0%
Yoo =5 (=) + 5
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2 2 A1
()\ — h2> Z%’H(Pj T + (h - h2> V- (3.18%)

Combining (3.15), (3.18%), and (3.19%) we get that

2

AR2(2 — h) |on |2 N i1 — @
A TR —AN=4h T 77
YR ’ h ‘ )
]_
which is precisely (3.16) O

We are now ready to state the main theorem in this section.

Theorem 3.8 (Theorem 2.2, [2]). For any T > 0, we have

sup l E,,(0)

u sol of (3.2) W} —+o0ash — 0. (3.20)

Proof. Consider the particular solution of (3.1) corresponding to the Nth eigenvector:

SO

u'(t) = iwne™Nto"

and

’int N,N

uy(t) = iwne“Np

Keeping in mind [e*®| = |i] = 1 Vx € R, and ¢" independent of t, we get that
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T
/o |y (1)) dt = Twkon ] = TAx|on ] (3.21)

Since energy is conserved, we have Fy(t) = Ep(0), so we write the energy in terms of

our solution:

h N ) 2 L 12
E,(0) = 5 z lz Ay AN(O)wN‘ i ‘@N,Jﬂh PN,j ]
_h N ONj+1 — PN [?
5 Z Avlon|? + [Tl R
2 s h
but using (3.15) we get that
N 2 2
PN — PNj+1 ANhZ(2 — ‘SONN
EL(0)=nh = 3.22
o) = nY ||| - G (322
Taking now the ratio between energy and boundary observation we get
EL(0 2—h
- 0 =, (3.23)
T a0~ )
but looking at Ayh?,
2N+1)mh
Anvh? = 4sin? ((2(22_% )
Nth wh
= 4sin? (2L—h + 2(2L—h))
. (E-1)7h -
= 4sin’ ( Stoh T 2(2th)>
= dsin? (Lr=rh 4 S omh ) = dsin®(3) = dash — 0,
so we get that
Avh* =4 as h—0 (3.24)
andthus%%ooashﬁo. ]
Ity |2dt
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3.3 Uniform Observability of Filtered Solutions with Respect

to the Discretization Parameter

By considering a particular solution of (3.2), we showed that for small h,

S [y (1))? dt — 0 which makes our C(T') blow up, which was exactly done in [2].
To remedy this problem, one technique has been proposed [11], called direct Fourier
filtering, whereby we eliminate the spurious eigen-solutions of (3.2). This is done by
introducing suitable classes of solutions Cj,(v,T) generated by eigenvectors of (3.2)
associated with eigenvalues such that Ah? < v, which corresponds to an appropriate
truncation of the Fourier series of (3.2) by filtering the spurious high-frequency eigen-
values due to a blind use of Finite Differences, see figure 2 and [2]| for more details.
Here, v can also be referred to as the filtering parameter. Define the class of initial

data of (3.2) generated by eigenvectors of (3.6) as

Ch(7) =19 Y apr (3.25)

where 0 < v < 4.
To show the main result in this section, we require the following three lemmas.

Lemma 3.3 (Lemma 3.2, [2]). For any solution u of (2.1), we have

5o

2
Uj — Ujt1

h

1\3\3‘

] dt + X (t) 7/ |2 dt, (3.26)
where X5, (t) = h Z Juj (M> :
Proof. Multiplying (3.2) by j“*— and integrating over [0, T], we obtain

N
Zh Sy g (A5t

N (3.27)
S P S 3 (5 (w0 — 20 + ujy) d.
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Keeping in mind X, (¢), we integrate by parts to obtain

& ; Uj+1—Uj— T N )
£ () de = EX(0f) — 4 5 el ) d
1 T 1 N T , ‘ /
= th(t)‘o — 5 2 Jo G, — (5 + Dl ) di
! (3.28)
N+1 T

!
— =5 Jo UnUnyq dE

= X0, + 5 5 dt = ST i

We also see

N i1 —Uj—
w2 o (550 ) (g — 205+ wj1) dt
J:

N
- # ‘21 fOT(ju?H - ju?—l — 2Juj 10 + 2uj_qu;) dt
j:

N (3.29)
=5 Z fOT(—ZUQ- + 2ujujiq) dt — ﬁfOT lun|? dt
Z i iy S ’ at.
Combining (3.27), (3.28), and (3.29), we get the reult. O
Lemma 3.4 (Lemma 3.3, [2]). For any u solution of (3.2), and h > 0,
J+1 J _
_hZ/o L de+ v, ()| =0,
7=0
N /!
where Y, (t) = h]z::o ujiy.
Proof. Multiplying (3.2) by u;, we obtain
N T 1 N T
Z/ u;'uj dt = e Z/ Uj(uj'+1 — 2’&]‘ + Ujfl) dt. (330)
=0 h* = Jo

Keeping in mind Y}, (1),

Z/ | dt. (3.31)

N T
Z/ uj U’J *Yh
0

Jj=1
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Looking now at the right hand side,

N
h2 Z fo wj(ujp —2uj+uj_q) dt = % Zl fOT(ujHu] 2u§ +wj_quj) dt
j=1 =
N
=X Jo (W3y = 2ujpu; +u?) dt (3.32)
]:
N
D D o )
=0
Combining (3.30), (3.31), and (3.32), the result is established. O

Lemma 3.5 (Lemma 3.4, [2]). We have that the following inequality holds

3
Xa(t) = (0| €\ 12 4+ 1 Bl 0).

Proof. Referring back to our terms Xj,(¢) and Y}, (t), we have

N LU — Uj—
X(t) = TVt = Y uf [ T
j=1

Then by Holder’s Inequality,

‘Xh()_*yh ’<[h2|u\2] [th“J’H_“J—l gl

J=1

- 2] ’ (3.33)

On the other hand,

N . ) 2
pEE g g
7=l (3.34)
T2 2 72,2 i '
= [l — i P+ G — B —uin)ug)
By the Triangle Inequality, we get
N 2
g g
7=1 (3.35)
N 2, 42 2 2,2 i oh} '
< hjgl [2 wjr — uyl® + G luy — i |? + Fud — Fujou; + gujuj—l} .
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Now, substituting & 7 for j, since j < N, and rearranging,

N
cUj4+1—Uj—1 o
hy | -

N oluji=ui |2 | 2hp 9 anp X v,,2

<h Y |2 Srh X ui+ Bh Y uiauy — uy (3.36)
J=0 J=0 J=0

<h12v: weimug 24 (2 y hjzv: 2_ 2k $~ (9 20 1u;)

=0T 61T 8)" Uy — 16 P Uj+1Uj gUN

Keeping in mind that v < 4, we see

N w2
yorl Ty—l 0
"R ! 3.37
N wgr—ug |2 v 24 ah Y2 (3.37)
Shzo 5 +(—)h2u —EZ w1 — +16UN+1 gUN-
J= J=0

Taking A = Ay, from (3.15) we can see

u3+1 Uy 2

+ T hZ

+ (B -2)ud  (3.38)

Uj+1—Uj 2

N
2 _ yh? 3y
L 6 T 16/\1) hjzo

Combining (3.33) and (3.3), we deduce by Hoélder’s Inequality that

1

zr

Uj1—Uj

X0 = 3a)| < 2= [thu P] [hé

< ,/LQ + 12}:1 Eh(O)

]

Theorem 3.9 (Theorem 3.5, [2]). For 0 <~y < 4, there exists Ty(y) > 2L such that
for all T > Ti(), there exists Cy(T,~) such that

By(u,0) < () [ (0 (3.39)
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for every solution, with (ug,u1) € Cy(y) and all h.

Proof. Let u be a solution of (3.2) where u°, u' € Cy (7). Keeping in mind conservation

of energy, we can write the equality (3.3) as

h &L T
TEh(u, 0) + 5 Z/O [U;U;_H - |U;|2] dt + Xh
=0

*/ | d.

For the second term in (3.40), we have

N /12 1 N /2 L,/ |2
]Z::(] [uyuﬁrl |u]| } - _§j§0| J+1 | +§|“N|
N
=—5 > laPpih® X low ) + Sluyl?
pEh?<y j=1
9 o X 2, Li,s |2
=57 2 lalui 3 il + Slui ]
/.Lkh <y 7j=1
Hence,
N N
1 L
Z { Uity — ‘|2] > _572 Ju|* + §|U§v|2-
j=0 j=0

From (3.40) and the last estimate, we deduce that

N
TEh(u,O)—%hZ/O [ dt+ / |2 + X (t)
j=0

N
By adding and subtracting h Y ]u;P, Lemma 3.4 implies that
7=0

N T 12 1 T
h;/o [ dt = TEn(u,0) + SYa(t)] -

Combining (3.42) and (3.43), we get

v v T T 2L—h
T(1 = 2)Eu(u,0) - IV, +Xu(0)], < =5 / iy [? dt.
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Now, adding (3.44) and Lemma 3.5 we obtain

Y 3y L (T 2
T(1-2)_2/L2 E <7/ 2 dt
l ( 4) \ +16)\1] ww,0) < 3 j, luwl™dt,

which implies that

L T
Ey(u,0) < |l at.

T 2(T(1-1) -2 /L2 + 1) Jo

for

Thus, Theorem 3.9 holds with

and
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4 One-dimensional Model for Piezoelectric Beam
Equations

In this section, we introduce the type of model where the main interest lies, namely
the strongly coupled system of partial differential equations representing longitudinal
vibrations of the centerline of a piezoelectric beam retaining magnetic effects. The
analysis here will mimic the previous two sections, however there are significantly
more nuanced proofs due to the strong coupling and the non-identical wave speeds.
We first prove the exact observability inequality of the model by the the multipliers
method [12] providing a sub-optimal observation time. This later is improved to
obtain the optimal observation time by applying the so-called Ingham’s Theorem

13).

4.1 Spectral Analysis and Development of Solutions

Recall the coupled partial differential equation-model (1.1) for the piezoelectric beam:

PUy — QUgy + VBPaz = 0,

1Pt — BPza + V2w = 0, (z,t) € (0, L) x R*,

v(0,t) = p(0,t) = 0,

avg(L,t) —vBp.(L,t) =0, (4.1)
pa(L,t) —yvg(L,t) =0, t e RT,

v(z,0) = vo(x), v(x,0) =vi(x), z€(0,L),

p(z,0) = po(x), pi(x,0) =pi(z), =€ (0,L).

Define X = (IL(0, L))? where L2(0, L) = {v : Jf |v]*dz < 0o}, and

H}(0,L)={ve H'(0,L) :v(0) =0},
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and the complex linear space H = (H1(0, L)) x X. The boundary conditions associ-
ated with this model are referred to as the clamped-free natural boundary conditions
for a beam, coming out of a thorough variational approach [16], and av,(L,t) —
vBpz(L,t) = 0 and p,(L,t) — yv.(L,t) = 0 are referred to as the strain and voltage

boundary conditions. The energy associated with (4.1) is

1 rL
E(t) =5 [ {olul + ulpl® + alonl = 128low +42Blesl® = 2870p + Blpaf?} do

1 rL
— 5 [ S ol 4 plpi + (e = ABpa)us + B(=ve + pa)ps b

Kinetic Energy Potential Energy Electrical Energy

However, we can use the fact that a; = a—~2f to write the energy in a more compact

form such that it is immediately recognized that energy is non negative:

1 /L
E(t) = 5/0 {p]v,f + plpe)?® + arlve* + By, — px|2} dz. (4.2)

A more in depth look at the derivation of (4.1) is given in [16] and [18], and the
references therein.
To reformulate (4.1), let ¢ = (v, p, v, ps)T with @° = (vg, po, v1, p1)T. Now, the

system (4.1) can be put into the following state-space formulation:

O ]2><2 0
or = Ap = 0, ©0)=¢ (4.3)
—A 0

where A is an unbounded matrix operator defined by

D2 18 D2

T

A:Dom(A) CX X A=| °*
w0t i

(4.4)
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with A : Dom(A) C H— H, and

Dom(A) = {¢ € HN ((H*(0, L))* x (HL(0, L))*); ¥1o(L) = au(L) = 0} (4.5)

is densely defined in H. Now define the constants

2

M L\ _ App

f\/alﬂ alﬁ L) -
2

_ op 4o p\T _ dpp

G2 = a1,3 + \/(alﬁ T 041) Bou

_ 1 2 1 a a 2 4
N SN T

1 1 fe? o 2 4
b=l -n =t (- n )

B (XL Bon
Vg ) (g )’ = (g - 8)

0. Additionally, by,bs # 0, by # by, biby = —ﬁ. Moreover, 61 and by solve the

3
Obviously, (1,(s € RT since by o = oy + 7?8 we have that \/<“ + ) dpp

quadratic equation

52—<O‘—p>b—p:o. (4.7)

Theorem 4.10. (Theorem 3, [18]). Let o; = (23 1 ,j € N. The eigenvalue

problem AY = \Y has distinct eigenvalues

X = Fihy = T2 M =Ty = T2 (4.8)
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Since \j; = )\1], Ayj = /\2], the corresponding eigenfunctions are

L L
%a 3T
bS 3 bS 3
o &
Ylj = Mj sin O'jJI,Y_lj = Ay sin 0;T,
1 —1
by —b
1 1
F T
%y i
% &
Yo =| Y [sinojz, Yoo, =| * |sinor, (4.9)
1 -1
ba —b,

where (1,2, b1 and by are defined by (4.6). We are now able to write the Fourier
series for (4.1). The function

QO(ZL’, t) = Z [CleljBS\Et + dle_lje_S\Et + CQjYQj@S\;—jt + deY_gje_S\;jt} (410)

JeEN

solves (4.3) for the initial data

900 = %\1 [Clelj + dle—lj +c2 Yo, + d2jY—2j}
J
;\1 (c1j + duj) +3 (C2J + da;)
_ 5 ;bl+ (c1j +diy) + ; = (co) + doyj) P
= ;
Jen (c15 — duj) + (coj — day)
bi(crj — duij) + ba(coj — doyj)

where {cgj, dij, k=1,2, j &N} are complex numbers such that

1615 = Z (leyi|* + 1dyi [ + |eos] + |doj]?) ice
) (4.11)
Cr [le°I% < Z Z (Jeii [? 4 1di1*) < Cq [l

i=1je
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with two positive constants Cy,Cy which are independent of the particular choice of

o € H.

4.2 Proof of Uniform Observability Using Multiplier Method

In this section, we prove the exact boundary observability for (4.1) using multipliers.
However, the observability time is sub-optimal. This is simply due to the strong
coupling of equations. Let’s now state the main observability theorem.

Theorem 4.11. The operator A : Dom(A) C H — H in (4.4) is the generator of
a unitary semigroup e on H. For given py € H, p € C[R,H], and %E(t) = 0.

Moreover, letting T > % there exists a constant C(T) such that

[ (ol L) + oL 0F) dt > Ol (4.12)

where o depends on the wave speed of each equation and is defined in the proof.
Here, note that the observations are physical and meaningful. In fact, v;(L,t)
is the tip velocity of the beam, and p;(L,t) is the total current accumulated at the

electrodes of the beam.

Proof. Consider (4.1). Multiply the first and second equations in (4.1) by the multi-

pliers xv, and xp,, respectively, and integrate over [0, L] x [0, T]

IS (pve — a1Vee — VB (Vaz — Daa)) 20zdz dt = 0
Jo J3 (upee + B(Yar — Paz)) Tpoda dt =0

(4.13)

where we used o = o + v23. Adding these two equations

S (pramvy + ppraps — 0120,V — Br(Ye — pa) (Vaz — Pax)) do dt =0, (4.14)
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and integrating (4.14) by parts yields

T
[ (poiev, + upiep,)|| de — & JT (pu(L,t) + pp?(L,1)) dt +TE(0) = 0. (4.15)

By the Holder’s and Cauchy’s inequalities, we deduce that

’foL (pvizve + pprzps) dl‘) = ‘fOL (pvixvy — Uppy) da:’ . (4.16)

By the triangle inequality,

L L
< L/o p]vtvx\da?~l—L/O | pipz| dx.

L
| /0 (pvixv, + pprap,) dx

By the Cauchy Inequality,

L
‘ /0 (pvizvy, + ppypy) da

L 1/2 p (L

<L (/ p|vt]2das> (/ a1|vx\2daj>
0 a1 JO
L 1/2 p (L

=L (/ p|vt|2dx> </ a1|vx|2das>
0 a1 JO
L 1/2 L

+ (/0 ulptIde> (u/o [pe — YU + vvxlzdw>

| 2

1/2 1/2

L 1/2 L
+</0 u|pt|2d:v> (ﬂ/o \px!2d$>

1/2

1/2

Adding and subtracting yv, in g [ [p.|* we obtain

L
|/0 (pvizv, + pprp,) dx

L V2L
<L (/ p|vt|2dx> </ a1|vx|2dx>
0 a1 JO
. 1/2 B 1/2 B 1/2
+ (/0 ,u|pt|2dx> (</0 | yv, —pz|2dx> + <,u/0 |7Um|2dx> ) :

1/2
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Bringing the constants out,

L
‘ | (v, + ppap.) da
I L 2\ [, /L
< 25 [ plulde+ (L4 B ) 2 e P
a2 Jo o7 ap | 2 Jo
1 1y L/L 2 ML/L 2
AN L [ i L e~ pald
+(ﬁﬁwajzoumrm—ﬁgomW bl
[ p N T
< L max — + ,\/>+ — | E(0
a7 aq 5 aq
and therefore,

(T~ 2)B(0) < & T (plo L) + plpu(L 1)) (117

(e

where 0 = . The proof concludes by choosing C(T") =
"\ Vi

2(T—2L

a

L

Note that the proof of Theorem 4.11 is based on the use of multipliers [12] so
the observation time may be suboptimal yet it is still an improvement of the one in
23].

Next, we apply the non-harmonic Fourier series, and in particular the Ingham’s
theorem [13], to obtain the optimal observation time. The existence of the uniform

gap across each branch of the eigenvalues of the operator A in (4.3) is utilized.

4.3 Proof of Uniform Observability Using Ingham’s Theorem

Similar to before, in this section we apply Ingham’s inequality for (4.1) to get an

optimal observation time 7" in terms of the wave speeds.

o _ (2j-Um
G 2LG

9 _ 2] 7
C2 2L¢2

Let s1; = and sg; = for j € N. The set of eigenvalues (5.11)
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can be rewritten as

AL = Fisy, k=12, jeN. (4.18)

Since A* = —A, the function ¢ = e*"¢°, given explicitly by (4.10), and

2 . .
gO(J],t) = Z Z [ijykjewkjt + dkjy_kj€_wk'jt] . (419)

k=1 jeN

Using this solution, we look at the observation and note that sin? ;2 = (—1)%!

Jo (plo( L, O + ulpo(L,1)]?) dt

2
= Jo p| S (=17 (cyent — dijem it 4 eyt — dye )| dt (4.90)
jEN
2
‘|‘f0T,u Z (bl(cljeisljt _ dlje—isut) + b2(02j€iszjt _ dee_iS2jt)) dt.
JjeEN

2
J

By the generalized Young’s Inequality where |2a;b;| < 44 elbjz, for 1,60 € R

e

> [ P%\; ((1 - é) leje®at — dyjem 5t 4 (1 — €2) |egye?®2st — d2j@7i82jt|2) dt
+ ) %N ((b% - 'bif2') |(crjer1t — dlje_isljt)‘z (4.21)
J

+ (b% — |b1b2|€2) |ng6182jt — d2j67i32jt|2) dt

Factoring out our constants, we obtain

- {p (1 B é) T (b% a ﬁ)} fOTj%:N |y et — clljefik"’ljﬂ2 dt

; , - (4.22)
H{p( =€) + 1 (83— L&)} T S Jegjeisat — dojeiot|? dt.
JEN

— u (op—pB)? — Bp2 w (au—pB\?
Nowchooseel—2+2p(ﬂw> >0and62—(1+pb1)<2+p<Bw))>OSO
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thatp(l—é)%—u(b%—ﬁ) >Oandp(1—62)—|—,u(b§—£€1) > 0.
By the Ingham’s theorem, for 7' > 2& = 2L max (i, () where ¢ = min {é’ é} :

there exists a constant C'(7") such that

Jo (ol L )12 + plp (L 0)|?) dt > C(T) & (Jey* + 1dus[* + [ * + [day )
jeN (4.23)

= O3
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5 Finite Difference Space-Discretized Piezoelectric
Beam Equation

In this section, the goal is to show that the discretized coupled wave equations by the
central finite differences lose the positive exact observability result with two boundary
observations. We show that the unfiltered solutions of the strongly-coupled system
of semi-discretized wave equations, the uniform observability property does not hold
as the discretization parameter tends to 0. We show after directly filtering high fre-
quency spurious eigenvalues, that the filtered solutions satisfy an exactly observability

inequality.

5.1 Discrete Spectral Analysis and Development of Solutions

We first introduce the semi-discretized version of (4.1) by the same central difference

discretization done in section 3.

pvj (t) — Ap(av; —vBp;) =0
upi(t) — An(Bp; — vBv;) =0,

(5.1)
vo =po =0, UN41 = UN, PN+1 = PN
(’Uj>pj7vg'ap;')(0):(UéapéaU{7P{) j:1727"'7N7

where
-2 1 0 0 0
1 -2 1 0 0
110 1 =2 1 0
Ap=— (5.2)
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Putting (5.1) now in its first-order form, we let {¢;}j_, € C¥ , and let ¢ =

(1, P2, D3, P4]T. Now we rewrite (5.1) as the following

& = Ap— Oanxon  Lonxan 6 6(0) = b (5.3)

_A2N><2N 02N><2N

where

—2A, A,
Agnxan = 5 5
18 _B8
B An uAh
Next, consider the auxiliary eigenvalue problem

Our eigenvalue problem is as follows:

“Apih; = M,
Wi = i (5.5)
2/}0:07 ¢N+1:¢N7 j:1727aN
which we can write as
1 ~ 1
A L A(h) v (5.6)
p? p?

which is equivalent to solving

Ap (artp! + 7B (7p! — ) = —A(h)pep!
—BAn(r! — ) = —Mh)ugp?, (5.7)
1/}(1) = w% =0, w]lv+1 = w]lva %2\/“ = %2\/

For u = [uy, Uy, us, " and \(h) = —i(h), the eigenvalue problem Au = \(h)u
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is equivalent to

an, )2 _28
S | 5.9
—%Ah %Ah — )\21 U-
By (5.5),
A gay 2By U
e S (5.9)
BN N+ ) Uy
where the characteristic equation is
2 92
g (O‘ B) A2+ (O‘ﬁ B ) A2 =0, (5.10)
P pp o pp

Following the eigenvalue analysis in Theorem 4.10, the following theorem is immedi-
ate:

Theorem 5.12. For k,j € {1,2,..., N}, the operator A has eigenvalues

SE(B) = T w(h), AE(R) = T /(h), k=12 N,  (5.11)
C1 G
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and since A\, = =My, Ay = —Agp, the corresponding eigenfunctions are

b b
wiy = | | ey = | |
(7 — Py
b1y —b1y
1
ﬁ% gd)k
b b
wrn = | WY ey = | 5V (5.12)
Yy, —y,
bapy, —bay,

For fixed k,

2k—-1)m .
Ilg%\/ , =12 k=1,2,...,N.

2Ll

The solutions to (5.1) are given by The Fourier series solution of (5.1) is given by

v Yy it Py el
= > |eu ea + Cop e @ | (5.13)

D x| <VT bipy, botpy,

where i, = /A, for k>0 and p_p = —pg. for the initial data

1

X =(c1j +diy) + (023 + da;)
N | &(c;+d Coi +d
= ) 5 (c1j + dij) + ( 2j + doj) bilh) (5.14)
. (c1j — dij) + (% — dy;)
bi(crj — duj) + ba(ca; — dayj)
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where {cgj, dij, k=1,2, j &N} are complex numbers such that

N
1% |fn = Z (lewi |* + 1dui | + |eas]® + |doj]?) e
) (5.15)
Ch ||¢°3n < Z Z (Jeii | + 1di; ) < Co [|€°|I7w

=1 j_

with two positive constants Cy, Cy which are independent of the particular choice of

©°.

Lemma 5.1 (Conservation of Energy). For any h > 0 and v, p solutions of (5.1), we

have

En(t) = E,(0),Vt € [0, 7). (5.16)

Proof. Multiply (5.1) by v} and p/; respectively to get

. 2 2p; i

pU;//U; _ an+1 hvzj + Vj-1 / + ﬁpj—‘rl }Zj +pj I'U;- _ 07 (517>
Pig1 — 2p —|—p 1 Vit1l — 20 + Vi1

Hp;lp;' e -+ h2] j— / L e, J+ h; J p;. =0. (5.18)

Now, sum from 1 to N and combine

gﬁ (pvjv) + ppfp;) = hlzjé[oé(vjﬂ — 205 + vV} + B(pj+1 — 2pj + pj-1)Pp] (5.19)
=B(pj+1 = 2p; + pj-1)v; + (Vj11 — 2v; + vj-1)p;])- |
We know

N 1 N
;(/ﬂé’v} + i) = 5 ; alvi* + Blp)l?) (5.20)
and
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— Y la(vj — 205 + v )V + B(pj1 — 25 + pj—1)p)]

=y (5.21)
= %%]Z::O(OAUJ - UJ+1| + 5|PJ pj+1|2>
also,
N / /
-8 Z [(Pj+1 — 2p5 + pj—1)V; + (Vjz1 — 205 + vj-1)p)]
i=1 (5.22)
=72 Zl(ijrl = 2p; + pj—1)(Vj+1 — 205 + vj-1).-
]:
Combining (5.20), (5.21), and (5.22) we get that <% E(t) = 0. O

5.2 Lack of Uniform Observability with Respect to the Dis-

cretization Parameter

B 1

Lemma 5.2. For any eigen-pair | A(h), v of Asnxan in (5.7), the following
,wZ

identities hold:

(1l —¥2 ) -(wi =) |
h

w]l+1 wl

N
)

N
+6 2
7=0

x N
=3 (& vt uivie), G2
and

(2L—h X L h) NOARR
) g 4 L = 5 o (1—”4&)3);0(1/1;)2

: (5.24)
o ozu/\h 2)2 _ ppyAR? 1,/,2
+2u (1= ) S pye - & %%] |

Proof. Dot-product the first and second equations in (5.7) by 4 and )7, respectively,
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and add these two equations:

> [(ijﬂ U2, = 203 — U2) + (vl — 02 )] (it — )
- i ,f: (p(01)? + u(2)?).

This implies that

N N
By (21 + 201, 9}) + & P 20v0} = ¥2)2 = 2(ykyy — 42, (v} — 92)]
IO+ ok =0k = 3 S ()2 + (e3P,

and finally, keeping in mind our boundary conditions

2 2 ((Wh)? = 2600+ WD) + 4 3 [ (vt — )’

7=0
- (7¢;+1 - 32'+1)(’Y¢]1' - %2)
2 ~ N
+ (v =v2) | = A S (p(h)? + p(w?)?).
7=0

After rewriting, we see this is exactly the claim in (5.23).

To obtain (5.41), first multiply the j*® equations in the first and second equations
in (5.7) by j(@bjl-Jrl . ! ) and j(@Z)JZ-H —@Z)Jz_l) respectively, and add for j =1,2,..., N

to get

N
> o (—2(¢))? +2wulw1) 4 (k)

j=0
18> 20wl - } iz (v — YR)?

=P N (5.25)
i 2 200! =¥ (8 = 9% = A 2 (b0} + 2, 02)

—OL L2 — BLR P

Now multiply the second equation in (5.7) by v and add it to the first equation in

(5.7), and multiply the first equation in (5.7) by % and add it to the second equation
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n (5.7), respectively, to get the following equalities

N =
—a1 3 App' =X Y > (mbl + yuap?)
j= j=
S a3 (e ) o2
=0 =0\ Bar
Now multiply the first equation in (5.26) by 11, and simplify to obtain
N 1 2y o quin2 1o
5 Ukt = kP + (1-220) S pip - Sk Gan)

Similarly, multiply the second equation in (5.26) by 49, and simplify to obtain

L=

2 _ 212 20uh2\ 010 aphn2 g0
200 = LR P+ (1 wal)j;owjl % X v (5.28)

]:
and finally, multiply the second equation in (5.7) by W’lﬂ to deduce

N

2 (1 = U3 (03 — ) = Sk —vR P + 5 () — 43P

A& 2Y,/,2 (5:29)
+%j§0<7¢j _¢j) j

Finally, substitute (5.27)-(5.29) in (5.25)

(2 - 31) A7 - 00k — R+ LR = % £ 0D+ B £ () - 3P
(o) [t (1) f:w;v it £y

J=1

= g2 2 ouh? N z 2 N
Hh |5 (L= 3) S8 -2 ZWW]

122 N
~3 (R 2 (st - )" B 3 () wf-m?],

and after collecting like-terms and simplifying once more, the result (5.41) is estab-

lished.
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Now we are ready to prove the non-uniform observability for the solutions of

(5.3).

Theorem 5.13. For any T >0, as h — 0

E,(0
sup 7 / Qh( ) —3 — 0. (5.30)
v Jo (P‘UN| +M‘pN’) dt
solves (5.1)
p
. . v Y . .
Proof. Consider the solution = corresponding to the eigenvalue
p bk¢N

/\(C 7 where k = 1,2. By the normalization h Z (Yn4)? =1, (5.41) yields

,]_

yn

A (h) L (p 4 pu(br)?) [ [P = 2352 [2p (1 — 22000 (5.31)
oA (h)h? A (h)h2
+2/~L(bk) (1 - 4%;1](@)2 ) o W;(]\ék)? bk}

and therefore

/N\N(h)@ W

(5.32)
_ 4a1(Ck)?—pAn (h)h? 2 _ apdn (RN ppyAn(h)h?
= E3,(0) Pp( 4a1(Cr)? )*2“(5’9 (1 4ﬁa1<<k)2) a1 (Gr)? b’f]
Thus
QLMY h)|1/1NN|2
Eh(O): a 2_ 2 : v S 2 2 9 (533)
[2/’(44 Ty e )+2u(bk) (1— IEiﬁVf;Z;) e ]
and
En(0)
T f 2 , 2
Jo (ﬂ!vwl +ulpy] ) dt (5.34)
o 2L—h '
= - 2_ 2 - 2 2 .
27 (o) |2 (SR ) 2 (1 SN D ) o2, |
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By (3.24), recall as h — 0, Ax(h)h* — 4, and this reduces (5.32) to

E}L(O) _> 5 L
T 2 2 a1 (G2 - . :
Js (p|v3v| Fulen| ) at T(pwbi){Qp(W)H“(W(1_ﬁa1<gm2>_alfgjﬂb’“]

(5.35)

Now, utilizing (4.6) and factoring out m in the denominator of (5.35) yields

Ey(0) N L
T 2 2 «
By (oloPolon ") ae " 2ot 2002 (1- 5255 ) - 220 (5.36)

_y Blowyutp) L
2uby, T(p+ub?) [br (B(bryptp)—ap)—pyB]

Now, distributing terms in the denominator,

En(0) _y Blryntp) L
I8 (ﬂ|v§v’2+#|l’§v|2) dt 2ube T(p+uby)[Byp(be)?+pybr— b —py ]
0
_y Bloxyutp) L (5.37)
2ubk T(p+ubi) [yBr(br)?—(c—pB)br—py ]
— 0
where 2GE2) 220, and Bypu(br)? — (o — Bp)by — pyB = 0 by (4.6). O

5.3 Uniform Observability of Filtered Solutions with Respect

to the Discretization Parameter

Lemma 5.3. Equipartition of Energy: For any h > 0 and v, p solutions of (5.1), the

following identity holds:

—hN T 112 12 dt = hN T |vj=vj+1 2
Z_: Jo (ploj|* + plpj|®) dt = on Z_: Jo P+
=1 =1 (5.38)

Noor (yvi—=psi)—(Yvj+1—Pj+1) |2
+0h Y fo [PPSR dE + Y (E) = 0
j=1

with
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N
= hZ(pv;vj + ,up;pj).
=

Proof: First, rewrite (5.1) as the following with a = ay + 7?3 to get

"o Vi1 —2054v-1
pU; — o ¥

’Yﬁ( Vj+1— 2vg+vy 1 Pj+1*2}f’2j+pﬂ'*1) =0,

v 2v+'u i+1—2pi+pi—
Mp]+6[ 41— ] j—1 _ Pj+1 }ij] 1}:0.

(5.39)

(5.40)

(5.41)

Now, multiply (5.40) and (5.41) by v; and p; respectively and combine to get

N
ZlfoT(pU Vj —l—,up]pj) dt — oy E fT ww dt
]:

N
_5jz_:1 fOT (’ij+1—1’j+1)+(’w]}:21 pJ—l) 2(yv; Pﬂ(,yvj _pj) dt.

Now,

N T N T N
pZ/O vivy dt = —pZ/O WP dt+p > vild
j=1 =1 =1

via integration by parts with u = v; and dv = vj dt. Similarly,

N T N
MZ/ pip; d —MZ/O P57 dt + 1Y pipsls -
=1 j=1

We also know from [11]

N
Z Ujt1 + uj—1 — 2uy)u Z |uj — u1+1
=1
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(5.42)

(5.43)

(5.44)

(5.45)



So we can write

N
o Z(ij + 01 —205)v; = —ay Z lv; — UJH (5.46)
j=1

and

p g: (V041 — Pjg1) + (Yvj—1 — pj—1) — 2(yv; — p;)] (vv; — pj)
=ty (5.47)

= —5]20 |(yv; = pj) — (Vi1 — Pir1) -

Combining these last 5 equalities, the claim holds. [J
Lemma 5.4. For any eigenvectors v and p with eigenvalue \ of (5.7), the following
identity holds:

(Yvj11 — pira) — (yu; — ’ al
Y =) ( (pvi + pup3).  (5.48)
7=0

N
Vjr1 — V5 2+BZ

J=0

N
(05} Z
7=0

Proof: Rewrite (5.7) as previously done and multiply by v; and p; respectively

to get

N
—i 2 (g = 20 4 )
N
—% Z [(vj41 — Pjg1) + (Yvj—1 — pj—1) (5.49)
J:
. N
2(yv; — py)l(yv; — pj)l = A ;O(pv? + 1p?)
N
— —% Z (Uj_H’Uj — 2?,7]2 + Uj_lvj) dt

7j=1

N
— 5 S (i1 — i) (Y05 — pi) + (Yvj—1 — pjo1)(vv; — pj)
= (5.50)

~2(70; — p)’

~ N
= A ,Zo(pv? + p1p3)
]:
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5=l Y (5.51)
—l—%va + %(’YUN —pn)2= A 'Zo pv? + up?)
]:
which yields
a N 2
hl J;O(UJ—H - 2UJ+1 +vj )
N
+i2 2 [0 = pja)® = 2000501 = Pi+1) (V05 = p5) + (705 = p3)7] (5.52)
J:
N
= A X (pvf + )
7=0
which is exactly the claim [
Lemma 5.5. For any h > 0, the solution w of (5.1) satisfies the following
N i1 —vj |2
83 I (gl o) + on ] (5.53)

‘ yu— PJ+1 (yv—p);

2
| dt+ X0 = £ 85 ol + ulpsP) at

N
where Xp,(t) = h Z <p1/]w +MP’]M) '
]:

Proof. Multiply the first and second equations in (5.1) by the multipliers jLUJI

~Pj+1 pg 1

and j , respectively, add these two equations, and take the sum and integrate

by parts from 0 to 7. The left hand side is

JZV: f j (pU/IUJ+1 vi_1 _{_“p//pj-u —pj— 1) dt
j=1
N ! Vi1V —1 Ug 1 / +Dj+1—Pj—1 N T . / J+1 ] 1 ]+1 p] 1
= Zl pUsj + up; 17 — Zl Jo J + pp dt
= =
N
=X =Xt )] Z o (Jpv§-v§+1 — p(j + Dl — ppiply — p(i + pipi,

N
—pR NN — “Tpr/NH) dt

N
— & X0y + 3 5 I (pesehn + plphan) e I (oM )
J= J=
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The right hand side is

g: fT PRV (7 RS Sl GV e WOV RS oy e
Ao | 02 )73

13 ( YU—P)jtr1— 2(72 p)j+(yv—p)j— 1j(7v—p)j+1;(vv—p)j71)} dt

- ﬁ ZO fOT I:al(jvjz—f—l - jvjz_1 — 2jvj1105 + 2jv;_10;)
‘]:

+ B (v = )3y — 3w = P2y = 2§(yv — P)ja(yv = p); + 25 (0 — p)ja(yo = p);) | dt

N, T
=L 5 [041(—21)]2- + 2uv541) + B (—2(71» —p)5 +2(w — )iy — p)j+1)} dt

~ 2h2
7=0
—s5iz Jo (aa|on]? + Blyon — pnl?) dt
N V4 1—Uj 2 v— j+1— v— j 2
— _%EOIOT o |2 +/3\” Pli1=(v=p) ] &t
Therefore, merging these two equations yield (5.53). O
v
Lemma 5.6. For any h > 0, the solution of (5.1) satisfies the following
p
v v; |2
_hZ/ p|U |2+,u|pj )+hzl L
(o —p); |
+ 5’ ]+1h R 21 [ Vi)l =0 (5.54)

N
where Y;,(t) = h 21 (pvw} + upjp;-) .

J:
Proof. Multiply the first and second equations in (5.1) by the multipliers v; and p;,

respectively, add these two equations, and take the sum and integrate by parts from
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0toT:

N N i+1—2v+v;—
0=2% o (pvé’vj + up;»’pj) dt —a1 3 Jo =y di
7= =

N
—B foT (vv*p)jﬂ*2(’77;1’)#(%*11)]'—1 (v — p)j dt

j=1
N T N
=5 X Vb - 2 (mv [+ ulpyf?) dt

Yj—Ujt1

N 2 v— i—(Yv— i 2
o Y + 8 Z ’(7 P }(Lv P)j+1
7=0 7=0
Therefore, (5.54) follows. O

v

Lemma 5.7. For any h > 0,t € [0,T] and solution of (5.1) in which T' = &
p

be the largest eigenvalue of {T'y}. It follows that

1Z(t)] < /N5, (0) (5.55)

ot 5 = (3, + S (07 - M) 1 (5522,

Zy(t) = Xn(t) — 2Ya(t) (5.56)
N N .
= I 3 (puj RSt PSR — ME S (puges, + )
_]:1 j:l

. 1 1 )
min | =,-s
27 -2
Cl C2

Note that, for a piezoelectric beam, {Z'Ya‘frp 2“} < 1 and (% %) > 1.
1 2
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Proof.

N 27 N . , 1172
|Zh(t)‘ Shlzlph];P] lzp ]%_%Uj‘
j= j=
N 1121y L7112
+h [;ulp}IQ lZ M\j’”if“;pj‘l — %pj\ 1
N et 172 (5.57)
<h ]le\v;!?] Z p it — —vj‘ +M‘]p7]+l P — 72?]\ ]
N 1/2 112
+h [ZlulpHQ lZ pliETE - fvj\ e ] :
J= i
On the other hand, since j < %
oh [ iz - |
=1 5.58)
. 2 | (
= ph 3 [ i1 — vl + B o = 2 (w0 — vy
]:
By the Triangle Inequality,
N i —vi 2
oh | £ ez |
= (5.59)

N r.a 2 2 212 .
Py []5 [0 = ol + 5 Joj — v + Yo vl = 20 (0 - ”J’—l)vj] '
Substltutlng for j (Since j < N)and rearranging,

cVj41—Vj—1 MFU 2
2 g8 J

phlz

1

“ ML 2+ MLy v — Ml oy

N Vjp1—U;j
< ph1? ¥ ||t

J=0

(5.60)

2 212 N
+ph (Mef + %) ; |v;[?

Vi+1—Y5
h

N
< phL* ¥
5=0

mr & 2
—phTg ZO (25" = vi1vy) —

J]=

MLFp|U |2
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Keeping in mind that [ < 4,

< phL? Z

J=0

v1=v; |2
h

N
212
+ ph (M64F +%) ; v ]2

—ph E ‘UJH 'UJ’ + Mrh‘UNHP FP‘UNP

(5.61)
N
< & (12 MY 3 o [t pn (A 4 200) 8 o

Vi+17Y5
h

— o

+ (M6 = 45°) plow

Analogously,

N 2
:uh [Z ’jp]+12p] ]\él"pj“|

Pj+1—DPj
h

< ﬂ(LQ . M1I‘6h2) hjgo _'_ h<M2F2 +Mi) ZXV: |p]’2 (562)

+ (MTEh - %) plon 2,

3 Pj+1—Pj __ Pj+1—DPj Vi+17Y% A Yi+17Y5
and since =5 = S 4y VY

Ny 2
b -]

<2u <L2 MFh ) h Z “ (w—p)jt1—(yv—p);

UJ+1 Yj

h
+ph (M1 4 M) Z [pi[? + (M52 = 25) ulpw[?
_ %u (L2 Mth) h Z 3 U(w p)ﬁ}1 (yv=p); ]

]

N
272
+ph (MF 4 2T z pj1? + (MEE — M5 plpy 2.

|

(5.63)

Vj+1—Yj
h

+22 (12 - %) h ﬁ_v; [al
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Now (5.58) and (5.63) are merged to get

N

ph | 3 g —fvj\ + b z [jrengms  Mrp J*
< %" <L2 MFhQ) h Z 3 “(”/v p)ﬁ;l (yv—p); 2}
+ (a% + 2171#) (L2 MFh2> h Z { vj+;;vj 2]

N
272
+h (M LS —MF) > (plvj I + ulp;*) + (MTE}L - M) (plon]? + plpn?)

=0 (5.64)
< [ ( MFh?) 4 A11 <M2r2 —i—Mﬂ A Z 3 U yu— pﬁz (yv=p); }
[( 42 u) (L2 MI‘hQ) A11 (1\4624r2 + %)] hj]ZV:O [al Uj+2—vj 2}
< [mae {52+ S (0 = 200) 5 (58 +55)]-
Z [ UJ+1 vj +ﬂ‘ yv— P)ﬁ; (yv—p); 2] _
Combining (5.57)-(5.64), and by the Young’s inequality, we deduce (5.55). O]

Now we can state the main theorem of the paper which is the discrete version
of (4.12) in Theorem 4.11 for the filtered solutions as the following:

Theorem 5.14. Assume that 0 < I' < 4. Then, there exists T(I', h) = such that for

2u p 292 _ MTh 1 M2r2 | 1
max{ﬁ’a1+ 1 }(1 16L2>+>\ L2( 61 1%

T
-7

C(T,F,h)zi[T(l—Z) —2 M}

all T > T(T,h) = 21\_/37 =

there exists
such that

T 7 12 7 12
CITTMEO) < [ (plonl +ulpvl) at (5.65)

holds for every solution of (5.3) in the class Cy ('), uniformly as h — 0.
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Proof. Consider (5.53) with the energy conservation in mind to simplify it to

TE(0) + 4 Zfo [0 (vl = [0512) + p(@p)n — P))] dt+ Xu(®)ly

(5.66)
= 5 Jo (p|UN|2+PJ|pN| ) dt
By (5.13)
’Ul 3 3
=1 Z Clk% 77/)16 e ‘211€t + 62’“/55 'djk (& Z;t
P | <VT b1y ba )y,
and therefore,
N , , 9 N ipgt ipgt 2
P 2 v = Vi f=p Z > {Clkcle a + C2k A (Y — rjr1)
7=0 N S \uk\<f (5.67)
= PJZO‘ \Zﬁ Cglf@ a + C%e & |Mk’2‘¢k,j — Yt
= pk|<
Analogously,
N / ! 2 N ! ! / / 2
ujgo 0 — il = uj;] P — D — Y (V) — V) + (V) — v))]
N N
<2u X (' =p); = (v — p/)j+1|2 + 2920 3 (v = vjg)]?
7=0 7= (5.68)
N .
B 272uj20| |Z:f Clee & C%e @ |Mk\2|¢k,j — Yrgn]?
= |pk|<VT
N c ippt c M 2
+2Mj20\ \Zf antle o eRile G Pk — il
= pkl<
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Adding (5.67) and (5.68) and using that pih? < T yields

N
2 2
J; plv — vl |° + plp) — Pl
i i 2
< (27 p+p) Z Z a clike%ft_’_cike%t u2|¢ ‘_w . |2
e Co kI%k.j kij+1

B “ J=0)4,)<VT
m
uilwk,j — Y|’

t
c1kb1 (y=b1) T’f + capba(v— b2)€ 42
b2C2

0, N
+3 X X B85
7=0 || <VT
< max (M 27”) Z Z ay cuceuélt 4 leué; 2uz|¢k R d}k ,+1|2
= o 1 B) ) & 0 2T G C2 7 " (5.69)
by et by st |?
+ X p 7‘31’“1’;1(21 ble o + %221’2)6 @ | pglny — 77/Jk,y‘+1|2}
k| <VT
9 N gt gt 2 ~
< I'max (27 btp %") {Zo fp Cc1p€ 4+ cope 2 )\Wlm
I=0 pre|<VT
z,u,kt ipgt ~
+ > plcigbie & 4 copboe 2 >‘|¢k,j|2}
k| <VT
I~ 2
Here we use the fact that A\ ; = % for j =1,2
J
N 2 / 2
Eoplv — Vi [P+ plp) = Pl
2 ipgt ipgt 2 =~
< I'max (QVTTF’J, %“) {Zo pr ciwe S+ cope @ | A2
I=2 el <
it ingt |2 = )
+ Zf,u ciwbie S 4 copboe | Aty |
e <
N c Wkt c gt )2 2 2
<I'M jZOI |Zf,0 Frea + Ze | |yl
= |pr|<VT
ingt ingt |2
+ X p|hea ke ui\wk,ﬂ"’}

|k | <VT
N 712 /12
<T Zoplvjl + pl )|
]:
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where M is defined in Lemma 5.7. Thus,

M=
—
|
e}
/N
QQ\
k)e\

1= P) + e — 10

7=0
N
= =3 2 plvj = Vil® + ulp) = hal® + 5 (ploi [ + ulpyP?) (5.71)
]:
N
> —%j;)plv}P + plpi? + 5 (ol + plpiy]?)

and

N N
TEWO) =T (£l + £ i) + 3 Ikl + ) + X0
J= J=

(5.72)
< 5o (plonl® + plpyl?) dt.
Next, rewrite (5.54)
YT 12 112 1 T
BY [ (pleff? + i) = TEAO) + 5 Va(®)f = 0 (5.73)
=1
together with (5.72) to obtain
T 1= T] B0) + Zu)IE < 2250 1T (ool + lphl?) di -

IN

5 Jo (ploxl” + plpy[?) dt
where Z, is defined in (5.56). By substituting (5.55) into (5.74) we deduce that
LI (ploi? + plpy[?) dt > [T (1= %) — 2V B, (0) (5.75)

Taking into account that I' = 75 in Cj,(I") for (5.1), we have obtained the observability

inequality (5.76) provided that

oo/ el w5 ) e (6 ) (5.76)
1-7 1
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Note that by (4.6)

2,2

d=eirro(BF), d=5+o(%F) 70

. 2,2 . . . 2
since % is very small in comparison to "Jrz# and %
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6 Conclusion and Future work

In this project, we show that the strongly-coupled model of a piezoelectric beam
retaining magnetic effects, as in (4.1), satisfies an observability inequality with an
optimal observation time. As the system is discretized by finite differences, we lose
the positive result for the observability inequality (4.12) as expected, due to the gap
between consecutive eigenvalues tending towards zero as the discretization parameter
goes to zero. Working off of what is done in [2] for a single wave equation, we
first mimic the necessary proofs for proving the negative result for the observability
inequality via discrete multipliers. Note that this differs from the work done in [23]
since the wave equations are strongly coupled. In fact, to the best of our knowledge,
no result has been reported in the literature for strongly coupled wave equations with
non-identical wave speeds. Secondly, we directly filter the spurious high-frequency
eigenvalues for both branches in order to obtain the observability inequality (5.65)
using discrete multipliers. It is important to recognize that this observation time is
sub-optimal.

It is also important to note that we only adopted the finite difference discretiza-
tion for the spacial variable, and for future work, we look to apply other numerical
methods such as the finite element method and spectral methods. There will likely
be a greater amount of computations than for the finite differences, but we will also
likely obtain a slightly better estimate for the observation time. The benefits of using
finite differences can be seen in [11, 15].

Additionally, in Section 5, we did not apply the non-harmonic Fourier series
method for the discretized model as was done for the continuous model, which pro-
vides another opening for future work. Using this method will likely result in the
most optimal observation time for the model (5.1).

Another possible direction is applying the indirect filtering technique by adopting

the methods in [29] to prove that the closed-loop system is exponentially stable by
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the boundary feedback.
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